We present the Riemann and Ricci tensors for a fully general non-twisting and shearfree geometry in arbitrary dimension D. This includes both the non-expanding Kundt and expanding Robinson-Trautman family of spacetimes. As an interesting application of these explicit expressions we then integrate the Einstein equations and prove a surprising fact that in any D the Robinson-Trautman class does not admit solutions representing gyratonic sources, i.e., matter field in the form of a null fluid (or particles propagating with the speed of light) with an additional internal spin. Contrary to the closely related Kundt class and pp-waves, the corresponding off-diagonal metric components thus do not encode the angular momentum of some gyraton. Instead, we demonstrate that in standard D = 4 general relativity they directly determine two independent amplitudes of the Robinson-Trautman exact gravitational waves. 
Introduction 2 General Robinson-Trautman and Kundt geometry
In the most natural coordinates the line element of a general non-twisting D-dimensional spacetime is given by [5] ds 2 = g pq (r, u, x) dx p dx q + 2 g up (r, u, x) du dx p − 2 du dr + g uu (r, u, x) du 2 ,
where x is a shorthand for (D − 2) spatial coordinates x p . 1 The nonvanishing contravariant metric components are g pq (an inverse matrix to g pq ), g ru = −1, g rp = g pq g uq and g rr = −g uu + g pq g up g uq , so that g up = g pq g rq , g uu = −g rr + g pq g rp g rq .
The geometrically privileged null vector field k = ∂ r generates a geodesic and affinely parameterized congruence. A direct calculation for the metric (1) immediately shows that the covariant derivative of k is given by k a;b = Γ u ab = 1 2 g ab,r , so that k r;b = 0 = k a;r . The optical matrix [8] 
This can be decomposed into the antisymmetric twist matrix A ij ≡ ρ [ij] , symmetric traceless shear matrix σ ij and the trace Θ determining the expansion such that σ ij + Θδ ij = ρ (ij) with δ ij σ ij = 0, i.e., ρ ij = A ij + σ ij + Θδ ij . From (3) we immediately see that A ij = 0 which confirms that the metric (1) is non-twisting. If we impose the additional condition that the metric is shear-free, σ ij = 0, we obtain the relation Θδ ij = 
The first expression can be integrated as g pq = R 2 (r, u, x) h pq (u, x) , where R = exp Θ(r, u, x) dr .
When the expansion vanishes, Θ = 0, this effectively reduces to R = 1 so that the spatial metric g pq (u, x) is independent of the affine parameter r. It yields exactly the Kundt class of nonexpanding, twist-free and shear-free geometries [3, 4, 9, 8] . The other case Θ = 0 gives the expanding Robinson-Trautman class which we will study in this contribution. The Christoffel symbols for the general non-twisting spacetime (1) after applying the shear-free condition (4) are
where
) are the Christoffel symbols with respect to the spatial coordinates only, i.e., the coefficients of the covariant derivative on the transverse (D − 2)-dimensional Riemannian space.
The Riemann curvature tensor components are then obtained (after straightforward but lengthy calculation) in the form
−Θ g mn e pq + g pq e mn − g mq e pn − g pn e mq ,
Finally, the components of the Ricci tensor are
and the Ricci scalar is
In the above expressions, S R mpnq , S R pq and S R are the Riemann tensor, Ricci tensor and Ricci scalar for the transverse-space metric g pq , respectively. The symbol || denotes the covariant derivative with respect to g pq :
and e pq , E pq , f pq are convenient shorthands defined as
where, of course,
. It will also be useful to rewrite the following r-derivatives of the metric functions in terms of the contravariant components, see (2) , namely
The expressions (32)-(37) of the Ricci tensor enable us to write explicitly the gravitational field equations for any non-twisting and shear-free geometry of an arbitrary dimension D, that is for any Kundt or Robinson-Trautman spacetime.
Einstein's field equations with gyratons and their complete integration
General Einstein's equations for the metric g ab have the form R ab − 1 2 R g ab + Λ g ab = 8πT ab , where we admit a nonvanishing cosmological constant Λ and an arbitrary matter field given by its energy momentum-tensor T ab with the trace T = g ab T ab . By substituting their trace
Our main aim here is to solve the Einstein field equations (52) in the case of expanding RobinsonTrautman geometry with a gyratonic matter, which is a natural generalization of a pure radiation field to admit a spin of the null source [10, 12, 16] . We thus assume that the only nonvanishing components of the energy-momentum tensor are T uu (r, u, x) corresponding to the classical pure radiation component and T up (r, u, x) which encodes inner gyratonic angular momentum. We immediately observe from (1), (2) that the trace of such energy-momentum tensor vanishes, T = 0.
Moreover, the condition T ab ;b = 0 which follows from Bianchi identities, after a straightforward manipulation, gives the constraints
These can be explicitly rewritten using (6)- (21) as
We can now perform a step-by-step integration of the Einstein field equations (52).
The equation R rr = 0
From (32) we get the explicit form of this equation
which obviously determines the r-dependence of the expansion scalar Θ. Its general solution can be written as Θ −1 = r + r 0 (u, x). However, the metric (1) is invariant under the gauge transformation r → r − r 0 (u, x) and we can thus, without loss of generality, set the integration function r 0 (u, x) to zero. The expansion simply becomes
The integral form (5) of the shear-free condition (4) with the expansion given by (57) completely determines the r-dependence of the (D − 2)-dimensional spatial metric g pq (r, u, x), namely
so that g pq = r −2 h pq , where h pq is the inverse matrix of h pq . The r-independent metric part h pq will be constrained by the next Einstein's equations.
The equation R rp = 0
Using (33), (48) and (49) we rewrite the Ricci tensor component R rp in a more compact way
Employing now the restriction given by R rr = 0, i.e., the explicit form of expansion (57) the equation R rp = 0 becomes
We easily find its general solution g rq (r, u, x) in the form
where e q and f q are arbitrary integration functions of u and x. In view of (2) and (58), the corresponding covariant components of the Robinson-Trautman metric are
where e p ≡ h pq e q and f p ≡ h pq f q . At this stage we can also fully integrate the energy-momentum conservation equations (54), (55) which determine the r-dependence of the gyratonic energy-momentum tensor:
where J p (u, x) and N (u, x) are integration functions of u and x.
The equation
It is convenient to rewrite the general Ricci tensor component (34) using the contravariant metric components,
Employing the previous results (57), (58) and (61) the corresponding Einstein equation becomes
Its homogeneous solution is g corresponding to all terms of the form γ r k on the right hand side of (66). The general solution with an explicit r-dependence of the metric component g rr thus becomes
Notice that g uu is then simply obtained using (2) as 
in which, employing (67),
The corresponding Einstein equations (52) thus take the form
The trace of this equation explicitly determines the function a(u, x) introduced in (67), namely
where R ≡ h pq R pq is the Ricci scalar curvature of the spatial metric h pq which is the r-independent part of g pq . Notice that due to (58) the corresponding Ricci tensor is R pq ≡ S R pq , while R ≡ S R r 2 .
Decomposing the equation (71) into the terms with different powers of r we obtain the following constraints on the metric functions:
Now, if we multiply both sides of (76) by f q we obtain 
The functions h pq and e p are constrained by the equations (73) and (74). Due to (73) the transverse (D − 2)-dimensional Riemannian space must be an Einstein space.
Using (57), (58), (61), (62) and (68) 
see (67) and (70) 
This gives the following conditions: 
Using (74), the relation e m||p||n = e m||n||p + e q R q mpn and (73) we find that the equation (84) is satisfied identically. The equation (85) clearly restricts the dependence of the spatial Ricci scalar R on the spatial coordinates x p , namely
There is thus a significant difference between the D = 4 case of classical relativity and the extension of Robinson-Trautman spacetimes to higher dimensions. Similarly, the equation (86) gives
Finally, by substituting the expression (74) into the equation (87) we get
Since (e n e n ) ,p = (e n e n ) ||p , its left hand side always vanishes and we obtain the condition for the energy-momentum tensor (63), (64)
Necessarily, in any dimension D we thus obtain
which is just the well-known pure radiation field (null fluid) without the "rotational" components T up of the energy-momentum tensor. We have thus proved that there are no solutions with gyratonic sources in the Robinson-Trautman class of spacetimes.
This final equation determines the relation between the Robinson-Trautman geometry and the pure radiation matter field represented by the profile N (u, x). Using (57), (58), (61), (62) and (68) with (77) the Ricci tensor component R uu given by (37) becomes 
Moreover, employing the explicit form (79) of g rr with the help of (74) and (90) we get 
e m e n h mn,u − e n (e p e p ) ,n − e n e n c r ,
where a is given by (72) and c by (80). Now, lengthy calculations using the previously derived constraints lead to the following identities (proved in the Appendix):
e m e n h mn,u − e n (e p e p ) ,n − e n e n c = 0 ,
which are exactly the terms in (95) proportional to r, r 0 , and r −1 , respectively. The corresponding Einstein equation R uu = 2 D−2 Λ g uu + 8πT uu with (93) thus takes a very simple form
It is interesting that also the last term on the left-hand side always vanishes since (D − 4) a ,n = 0 in any dimension D, see equation (85). Consequently, in any dimension the last Einstein equation can be compactly 2 written as
where △a ≡ h mn a ||m||n is the covariant Laplace operator on the (D − 2)-dimensional transverse Riemannian space. In particular, this Einstein field equation reads
△(
For the special choice e p = 0, equation (102) reduces exactly to the classical Robinson-Trautman equation [3, 4] (with the identification a = 1 2 R = △(log P ) = K, b = −2m(u), c = −2(log P ) ,u , where K is the Gaussian curvature of the spatial metric h pq = P −2 δ pq ). Equation (101) generalizes the field equation previously derived in [5] in the sense that now it also includes the contribution from the off-diagonal metric components e p entering the function c as their covariant spatial divergence e n ||n , see (80).
Summary and concluding discussion
The most general D-dimensional Robinson-Trautman line element in vacuum, with a cosmological constant Λ and possibly the pure radiation field T uu = N r 2−D can thus be written (in the natural gauge in which the expansion is Θ = r −1 , see (57)) as
with the functions h pq (u, x) and e p (u, x) constrained by the equations (73), (74), (100), namely
2 The term proportional to r −2 in equation (99) is always zero in the case D > 4 since a ||m||n = 0 due to (88).
In the D = 4 case it is combined with the terms proportional to r 2−D = r −2 into the expression (100).
in which b is a function of the null coordinate u only. The first equation (105) restricts just the Riemannian metric h pq of the transverse (D − 2)-dimensional space covered by the coordinates x p , with R pq and R being its Ricci tensor and Ricci scalar. Therefore, any Einstein space metric h pq is admitted. The second constraint (106) imposes a specific coupling between the spatial metric h pq and the off-diagonal metric components represented by (D − 2) functions e p . In addition, there is the Einstein equation (107) which relates these metric functions and an arbitrary "mass" function b(u) to the pure radiation profile N . In the vacuum case N = 0.
After the step-by-step integration of all Einstein's equations we proved that there are no gyratons in the Robinson-Trautman class. In any dimension including D = 4 we necessarily obtained J p = 0 so that T up = J p r = 0, see (63) with (92) or (93), which means that the null matter field can not have an "internal spin" (angular momentum). This is in striking contrast to the closely related Kundt family of spacetimes which in general (and in any D) admits such gyrating sources, as recently demonstrated in [16] (there is also a comprehensive list of previous works studying particular subclasses of the Kundt gyratons). Such a conclusion is surprising because the Robinson-Trautman family of geometries is the closest to the Kundt family -both are non-twisting and shear-free, and (at least in D = 4) they admit similar algebraic structures and matter fields.
The questions thus arise about the nature of such a difference and also concerning the possible physical interpretation of the off-diagonal metric functions e p . In the following two short sections we will tackle these two problems.
Robinson-Trautman versus gyratonic Kundt spacetimes
Of course, the Robinson-Trautman class of spacetimes is expanding (Θ = r −1 = 0) while the Kundt class is non-expanding (Θ = 0). The absence or presence of the gyratons thus must be traced to this geometric difference. In section 2 we presented the complete list of all curvature tensor components for any non-twisting and shear-free geometry which contains both the Robinson-Trautman and the Kundt family. We are thus able to trace the point at which the integration of Einstein's equations with gyratonic energy-momentum tensor starts to differ significantly.
To be specific, by setting Θ = 0 for the Kundt class in (4) we immediately obtain g pq = h pq independent of r, instead of (58) which reads g pq = r 2 h pq in the Robinson-Trautman case. Second field equation (59) for Θ = 0 yields g up = e p + rf p instead of (62) which is g up = r 2 e p + r 3−D f p . Third field equation (34) gives, instead of (67), (68),
in full agreement with equations (64), (65) of [9] . Apart from different powers of r, the metric coefficients for the Kundt and Robinson-Trautman spacetimes thus look very similar. The main difference between these two types of geometries occurs after employing the next field equation for the spatial Ricci components R pq given by (35). For the Kundt class this equation is independent of r, namely R pq = f p = 0 is the same as (108) in the non-expanding case. However, in the Robinson-Trautman case there is the additional constraint (74), i.e., (106) that couples e (p||q) − 1 2 h pq,u to its trace. It turns out that this specific restriction on possible functions e p determining the other part of the off-diagonal metric components g up forbids -after applying the following Einstein's equation for R up -the presence of gyratonic matter fields in the Robinson-Trautman geometries, see (92). In contrast, there is no such constraint on e p in the non-expanding family which enables gyratons to be included in the Kundt geometries.
Robinson-Trautman gravitational waves in D = 4
Finally, we will elucidate the physical meaning of the functions e p . Instead of representing angular momentum of a gyratonic matter they directly encode amplitudes of the Robinson-Trautman gravitational waves. In usual D = 4 dimensions, the transverse Riemannian space is 2-dimensional. If such a 2-space has constant curvature, its metric h pq can be written in the conformally flat form 
Non-trivial Riemann and Ricci tensor components read R 2323 = 2 ǫ ψ −4 , R 22 = R 33 = 2 ǫ ψ −2 , so that the Ricci scalar is R = 4 ǫ = 2 K, where K is the (constant) Gaussian curvature. This obviously satisfies the constraint (105). It remains to fulfill the constraint (106). Since h pq given by (109) is independent of u, it reduces to e (p||q) = 
The constraint is thus equivalent to very simple two conditions 
It is important to observe that the quantity T m pq is a tensor in the transverse (D − 2)-dim space. Therefore, re-expressing (A11) using the covariant derivative T 
Substituting (A12) into (A13) we obtain h pq R pq,u = h mn h pq e n||p||q||m − e n||p||m||q + 2h mn e p R pm ||n − (D − 3)h mn c ||m||n .
Now, the contraction of the identity (3.2.21) of [17] yields the identity h mn h pq e n||p||q||m − e n||p||m||q = 0 ,
while the direct evaluation using (72), (73) gives 2h mn e p R pm ||n = 2(D − 3) e n a ,n + a e n ||n .
Putting (A14) with (A15), (A16) into (A10) we finally obtain the identity (D − 2) (a ,u + a c) + (D − 6) e n a ,n + h mn c ||m||n = (D − 4) e n a ,n ,
which completes the proof.
